ON THE ASYMPTOTIC EXPANSION OF THE COLORED JONES 
POLYNOMIAL FOR TORUS KNOTS 
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Abstract. In the asymptotic expansion of the hyperbolic specification of the colored 
Jones polynomial of torus knots, we identify different geometric contributions, in 
particular Chern-Simons invaraint and Reidemeister torsion. 



1. Introduction 

In this paper we consider the "quantum hyperbolic invariant" of a knot K defined by 
the formula 

(K) N = lim J' N (K;h), ViV e Z>i- 

h^2ni/N 

Here 

where Jn{K; h) is the JV-th colored Jones polynomial and O stands for the unknot. In 
the standard normalization one has 

and it is known that in this normalization the N-th colored Jones polynomial vanishes 
at the point h = 2iri/N for any knot or link. Thus, the quantity {K)n is a well-defined 
invariant. 

The aim of the present paper is to give a geometrical interpretation for the terms in 
the asymptotic expansion of (K) n at large N in the case of torus knots. This work is 
motivated by the "volume conjecture" of [El [17] for the invariant (K)n which states that 

(1) 2vr lim ^hi =V3 \^\K\\ 

where denotes the hyperbolic volume of a regular ideal tetrahedron in H 3 and ||5' 3 \i ; sr|| 
is the simplicial or Gromov norm of the 3-manifold S 3 \ K . 
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For any torus knot the asymptotic expansion of (K)n at large N is derived in [10] 
to all orders, and one has \(K)n\ = 0(N 3 / 2 ). This is in fact the optimal estimation in 
the sense that there exists a sequence of integers of the form Nj = 2pq(l + 2j) such that 
lirn^oo \ (K ) N j \/Nj 3 ^ 2 exists and is not zero (see also [28] . we thank H. Zheng for posing 
this question to us). In particular, the volume conjecture appears to be trivially true in 
this case as all torus knots are known to have vanishing simplicial norm. 

In this paper, we prove that the non-abelian Reidemeister torsion and the Chern- 
Simons invariant appear in the asymptotic expansion of (K)n- The precise form of this 
result is as follows. 

For a knot K C S 3 , let N(K) be a tubular neighborhood of K, M K = S 3 \ N(K) its 
exterior. Let T^(p) E C denote the sign-determined SL2(C)-twisted Reidemeister torsion 
at an irreducible representation p : tti(Mk) — ► SL 2 (C) (with respect to the longitude A 
of the knot K) associated to K defined by the first author in [5], see Subsection [33 of the 
present paper. Let A^(i) denote the Alexander polynomial of a knot K C S 3 normalized 
so that A^-(i) = A^(t _1 ). According to the works of Milnor and Turaev [13 El], the 
analytic map 

(2) T * (z) = J^Sy< ^C\{z|A i ,(e 2z ) = 0}. 

is essentially equal to the abelian Reidemeister torsion associated to K (see Section EP1 
and especially Proposition [3]). The poles of t k {z) describe the so-called bifurcation 
points of the SL2(C)-character variety of the knot exterior, corresponding to those abelian 
characters which are limits of non-abelian ones. 

Let K be the torus knot of type (p, q) . The non-abelian part of its character variety, 
denoted by X nab (Mft-), consists of N p , q = (p — l)(q — l)/2 connected components, and 
each component intersects the abelian part in exactly two bifurcation points. One can 
characterize the £-th non-abelian component by a unique pair of distinct positive integers 
< kj < kf < pq satisfying certain conditions (see Subsection 12.21 for details and in 
particular Theorem [T]). In this case, the non-abelian Reidemeister torsion Tj^ is locally 
constant on the SL 2 (C)-character variety (Proposition HJ. This is due to the structure of 
torus knot exteriors which are Seifert fibered spaces. We consider the euclidean picture 

in Fig. [T] where O = (0, 0), O' = (|, 0), Pf' = (^,0), and two parallel segments passing 
through the points P^ with slope — pq. In fact, this picture essentially describes the real 
slice of £-th component of the character variety. Let and A\ be the double areas of 
the trapezoid P[ ' P^Q\Q^ and the triangle P^R^O', respectively (a priori these are 
positive real numbers, but A\ is in fact an integer as we will see). We note that the set 
{A^ (mod Z) | 1 < I < N Pt g} is essentially the Chern-Simons invariant of the knot K 
(see Subsection 14.21 for details). Define the quantity 
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Figure 1. Euclidian picture associated to the £-th component of X [Mk) 



(3) 



Z N (K) - J2 £ W\ T x(Xi)\ Ate- 2 " iNA ', s e = (-l)[ k t/v]+MM 



where N Ptq = (p — l)(q — l)/2, [x] is the integer part of the real number x, \i 1S an Y 
character in the £-th component (as the torsion is locally constant), and the positive 
value of the square root is assumed. 

Main Theorem. For the (p, q) torus knot K the following asymptotic equality holds: 



(4) 2i pqN e^ + i ] ■ (K) N = V^e" /4 iV 3/2 Z A r(i^) + 



( _ 1)P qN a n{K) ( in V 



where a n {K) are finite type invariants. 

Remark 1. The sequence a n {K) is not only defined for torus knots but for all knots by 
the following general formula: 



a n {K) 



d 2n (zT K (z)) 



Q z 2n 



z=0 



Each a n (K) is a finite type invariant (see Section [5]). 

Equation Q gives a geometrical interpretation for each contribution in the asymptotic 
expansion of (K) n in terms of classical invariants of knots. We can note consistency with 
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the Asymptotic Expansion Conjecture (see [19| § 7.2]), namely appearances of the Chern- 
Simons invariant and the Reidemeister torsion, but we can also see some peculiarity in 
our formula, for example, the presence of the multiplication factors A| and eg. 

We remark that, in [H], H. Murakami studied the asymptotic behavior of the colored 
Jones polynomial of torus knots log( J' N (K; 2irir/N))/N in the complementary case r ^ 
1. It would be interesting to understand the geometrical contributions in that case also. 
Besides, in [B] K. Hikami interprets the asymptotic expansion of the invariant (K)m for 
(2, q) torus knots from a different point of view, namely in terms of g-series identities. 

Organization. In Section[2]we recall some well known facts about the character varieties 
and fix the notation. In Section [31 we review the abelian and the non-abelian Reidemeis- 
ter torsions for knots as presented in [3], state the result of the computation for torus 
knots (Proposition 0} and Yamaguchi's Theorem [5] on the behavior of the non-abelian 
Reidemeister torsion near a bifurcation point. Section H] deals with the Chern-Simons 
invariant for knot exteriors. We compute it for torus knots using the technique of In 
Section O we review the quantum hyperbolic invariant for torus knots and, in particular, 
the integral representation of [TO]. Section [S] contains the proof of the Main Theorem; 
the proof combines all results given in the preceding sections, especially the computation 
of the residues of the abelian Reidemeister torsion and of the Chern-Simons invariant 
for torus knots. 

Acknowledgements. The authors thank J.E. Andersen, S. Baseilhac, K. Hikami, V. 
Huynh Quang, T. Le, V. Turaev, Y. Yamaguchi and C. Weber for helpful discussions. 

This work is supported in part by the Swiss National Science Foundation, the first 
author (J.D.) is also supported by the European Community with Marie Curie Intra— 
European Fellowship (MEIF-CT-2006-025316). While writing the paper, J.D. visited 
the CRM. He thanks the CRM for its hospitality. 

2. Review on SL 2 (C)-character varieties 

2.1. Review on character variety. Given a finitely generated group tt we let 

R(ir; SL 2 (C)) = Hom(7r; SL 2 (C)) 

denote the space of SL 2 (C)-representations of tt. This space is endowed with the compact- 
open topology. Here tt is assumed to have the discrete topology and the Lie group SL 2 (C) 
is endowed with the usual one. A representation p: tt — > SL 2 (C) is called abelian if 
p(tt) is an abelian subgroup of SL 2 (C). A representation p is called reducible if there 
exists a proper U C C 2 such that p(g)(U) C U, for all g e tt. Of course, any abelian 
representation is reducible. A non reducible representation is called irreducible. 

The group SL 2 (C) acts on the representation space R(tt; SL 2 (C)) by conjugation, but 
the naive quotient R(tt; SL 2 (C))/SL 2 (C) is not Hausdorff in general. Following |2J, we 
will focus on the character variety X(tt) — X(tt; SL 2 (C)) which is the set of characters 
of tt. Associated to p s R(tt, SL 2 (C)) is its character x p : tt — > C, defined by Xp(q) = 
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tr(p(g)). Let g 6 ir, following [2] we let I g : X(n) — > C denote the function defined by 
I g '. p i > tr(p(g)). Here tr(p(g)) denotes the trace of the matrix p{g). 

In some sense X(ir) is the "algebraic quotient" of R(ir; SL2(C)) by the action by 
conjugation of PSL2(C). It is well known that R(n, SL2(C)) and X(tt) have the structure 
of complex algebraic affine sets (see [2]). 

Let i? lrr (7r; SL2(C)) denote the subset of irreducible representations of tt in SL2(C), 
and let X lrr (-7r) denote its image under the map R(tt; SL2(C)) — > X(ir). Note that two 
irreducible representations of tt in SL2(C) with the same character are conjugate by an 
element of SL2(C), see [3 Proposition 1.5.2]. 

For a knot K in S 3 , let H(K ) denote its group. Let U(K)' be the subgroup generated 
by the commutators of U(K). It is well known that n{K)/H(K)' = H 1 (S 3 \K; Z) = Z is 
generated by the meridian p of K . As a consequence, each abelian representation of 

in SL 2 (C) is conjugate either to ip z : II(if) — > SL 2 (C) defined by (f z {p) = 

with z € C, or to a representation p with p(p) = ± 

Let i? ab (n(X)) denote the space of abelian representations, and let X ab (II(i ; ir)) denote 
its image under the map R(IL(K); SL 2 (C)) -> X(IL(K)). We write X™ h (Tl(K)) for the 
image of R(Il(K); SL 2 (C)) \ R ab (Tl(K)) under R(Il(K); SL 2 (C)) -> X(II(if)). Observe 
that X irr (n( J ftT)) C X nab (n(if)) and that the converse is false. 

If M is a 3-dimensional manifold, then we shall write X ah (M) — X ah (TTi(M)), 
X nab (M) = X nab (7Ti(M)), X irr (M) = X irr (7ri(M)) etc. 

2.2. Character variety of torus knot groups. Let T(p, q) denote the torus knot of 
type (p, q) where p, q > 1 are coprime integers and set M(p, q) — M<j^ pq y The group of 
7(p, q) admits the following well known presentation 

U(p,q) = (a,b\aF = b"). 

Let r, s 6 Z be such that ps — qr = 1. The meridian of 7(p, q) is represented by the word 
p = a- r b s and the longitude by A = a?p,- pq = b q p- pq . 

Theorem 1. The non-abelian part X nah (M,(p, q)) of the character variety X(M.(p,q)) 
is the disjoint union of N p ^ q = (p — l)(q — l)/2 copies of C indexed by the pair (a, [3) 
which satisfies the following conditions: 

(5) l<a<p-l, l< / 9<?-l, a = /3(mod2). 



On the component indexed by (a, [}), we have %(a) = 2 cos ( — ) , = 2 cos 




Moreover, we have X irr (M(p, q)) = X nab (M(p,q)) \ X ab (M (p, q)) and the component 
of X nah (M(p,q)) indexed by (a, (3) is attached to X ah (M(p, q)) at two abelian represen- 
tations ip. and ip. fcj_ where k~ and k + satisfy the following conditions: 

PI t7T PQ 

(6) < k~ < k+ < pq, 



( e z \ 
I e— )' 
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(7) k = e (f3ps — eaqr) (mod pq), 

(8) k + = e + ((3ps + eaqr) (mod pq). 

Here e, e~, e + S {±1}- 

We will use this description in the proof of the Main Theorem. The first part of 
Theorem [T] is due to Klassen [12] and Le |14J . Further notice the following remarks. 

Remark 2. The integers k~ and k + satisfying conditions ([7]) and (jHJ verify the following 
properties: 

(1) jfc^ is not divisible neither by p nor by q; 

(2) k+ ± fe~ £ 2Z; 

(3) either p divides /c + + fc~, and g divides k + — k~; or q divides k + + fc~, and p 
divides k + — k~ . 

Remark 3. The quantities m = fc+ ~ fc and / = — - 4 ~^ fc have the following properties: 

(1) m, I e Z >0 , 

(2) m<f, 

(3) either p divides to or q divides to, 

(4) to divides pqZ, 

(5) ^<Z<to-1< 

V I pq pq 

Remark 4. In the case of (2, q) torus knots one has an explicit description of the character 
variety X(M(2, q)), see [H] for details. We use the fact that 7(2, q) is a two-bridge knot 
and its group admits the following Wirtinger presentation: 

11(2, q) = (a,b\wa = bw) where w = (a6) (9 ~ 1)/2 . 

We write x = I a : p i— > trp(a), y = ^ab' P l— * trp(ab). The character variety is 
parametrized by a; and y. Specifically, its abelian part X ah (JA(p, q)) is described by 
the equation y — x 1 + 2 — 0. The non-abelian part X nab (M(2, q)) is described by the 
polynomial equation $(2,q) = 0, where $(2,q) 6 1\x,y\ satisfies the linear recurrence 
relation 

(9) $(2, q) = y$(2, q - 2) - $(2, q - 4) and $(2, 1) = 1, $(2, 3) = y - 1. 

The non-abelian part X nab (M(2, q)) of the character variety is the disjoint union of 
(q — l)/2 copies of C parametrized by x, indexed by I e {1, . . . , (q— l)/2} and attached 
to X ah (M(2,q)) at the (q — 1) abelian representations <p x for 

2^-1 2£ - 1 

Z G ^ 17T — ITT , 27T 



2g ' 2q 

As a consequence, the (q — l)/2 pairs of integers (k~,k + ) are given by the following 
formulae: 

kj = 21-1 and kt =2q-2£ + l, 
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where t G {1, . . . , (q — l)/2}. Besides we have: 



Remark 5. It is more complicated to compute the pairs (fc~,fc + ) for arbitrary torus 
knots, and in fact we do not know any "closed" formula for them. In Table [1] we give 
some concrete examples. 

3. Review on SL 2 (C)-twisted Reidemeister torsion 

3.1. Preliminaries: sign-determined torsion of a CW complex. We review the 
basic notions and results about the sign-determined Reidemeister torsion introduced by 
Turaev which are needed in this paper. Details can be found in Milnor's survey [16] and 
in Turaev's monograph |26| . 

Torsion of a chain complex. Let C* = (0 — ^C n — ^-C„_i — s- • ■ — -*-Cq — *-0) be a 
chain complex of finite dimensional vector spaces over C. Choose a basis c* for Cj and a 
basis h l for the i-th. homology group H. The torsion of C* with respect to these choice 
of bases is defined as follows. 

Let h l be a sequence of vectors in d such that di(h l ) is a basis of = im(d i : C, — » 
Ci—i) and let h l denote a lift of h 1 in Z± = ker(<i; : Cj — > Cj_i). The set of vectors 
di + i(b i+1 )h*b* is a basis of d. Let [d j+1 (b <+1 )h i b7c''] £ R* denote the determinant of 
the transition matrix between those bases (the entries of this matrix are coordinates of 
vectors in G?i + i(b l+1 )h*b I with respect to c l ). The sign- determined Reidemeister torsion 
of C* (with respect to the bases c* and h* ) is the following alternating product (see [23 
Definition 3.1]): 

n 

(10) Tor(a,c*,h*) = (-l)' c -l • n^+xtb^h'bVc^- 1 ^ 1 G C*. 

i=0 

Here |C*| = J^k^o "fe(C*)/3fc(C*), where af(C*) = I]fe=o dimC, fe and ft (C*) = X)l=o dimiJ fe . 

The torsion Tor(C*, c*, h*) does not depend on the choices of b l and h\ Further 
observe that if C* is acyclic (i.e. if Hi = for all i), then |C*| = 0. 

Torsion of a CW-complex. Let VF be a finite CW-complex and p G Hom(7Ti (W); SL2(C)) 
a representation. We define the 5l2(C) p -twisted cochain complex of W to be 

C*(W;M<C) P ) = HQm Wl(x) (C,(W;Z);0[ 2 (C),,). 

Here C*(VF; Z) is the complex of the universal covering with integer coefficients which is 
in fact a Z[7ri(M /r )]-module (via the action of tvi(W) on W as the covering group), and 
•sb(C) p denotes the 1\tt\ (W / )]-module via the composition Ado p, where Ad: SL2(C) — > 
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(p. 9) 


N 


( Kq , K } 


c 2 




t Apq 


(3,4) 


3 


(1,7) 


3 


1 


25 

48 


(2,10) 


A 

4 


2 


1 

12 


/ E 1 1 \ 

(5,11) 


3 


2 


1 

48 


(3,5) 


4 


(1,11) 


5 


2 


4 
15 


(2,8) 


3 


1 


49 
60 


(4,14) 


5 


3 


1 

60 


(7,13) 


3 


2 


1 

15 


(4,5) 


6 


(1,9) 


4 


1 


121 
"80" 


(2,18) 


8 


4 


1 

20 


(3,13) 


5 


2 


49 
80 


(6,14) 


4 


2 


9 
20 


(7,17) 


5 


3 


9 

80 


(11,19) 


4 


3 


1 

80 


(4,7) 


9 


(1,15) 


7 


2 


169 
112 


(2,26) 


12 


6 


1 

28 


(3,11) 


4 


1 


289 
Tl2 


(5,19) 


7 


3 


81 
112 


(6,22) 


8 


4 


9 

28 


(9,23) 


7 


4 


25 
112 


(10,18) 


4 


2 


25 
28 


(13,27) 


7 


5 


1 

112 


(17,25) 


4 


3 


9 
112 



Table 1. Numerical invariants of the non-abelian components of the 
character variety for some torus knots. 



Aut(s[2(C)), A 1 ► Ad,A is the adjoint representation. This cochain complex C*(W; s [2(C) p ) 
computes the sl2(C) p -twisted cohomology of W which we denote as H*(W). 

Let {e£ , . . . , eh} } be the set of i-dimensional cells of W. We lift them to the universal 
covering and we choose an arbitrary order and an arbitrary orientation for the cells 

|e^\ . . . , el 1 ] j. If B = {a, b, c} is an orthonormal basis of s[ 2 (C), then we consider the 
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corresponding "dual" basis over C 

ct - h {l) e (i) gW £ W g(0 1 

L S ~~ 1 e l,a' e l,b' C 1,C ■ ■ ' ' e rii,ai e n;,b> e n ilC / 

of C*(W;s[(2) p ) = Hom 7ri (j s: )(C*(Ty; Z);s[ 2 (C) p ). Now choosing for each i a basis h' for 
the twisted cohomology H l p (W), we can compute 

Tor(C*(^;s[ 2 (C) p ),c*,h*). 

The cells {ef}^ 

isgdim Wilson* are m one-to-one correspondence with the cells of W, 
their order and orientation induce an order and an orientation for the cells {e^ } <i<dim w i 
Again, corresponding to these choices, we get a basis c 1 over IK for C l (W;R). 

Choose a cohomology orientation of W, which is an orientation of the real vector 
space H*(W;M) = © i>0 if l (W;R). Let o denote this chosen orientation. Provide each 
vector space fP(W;R) with a reference basis h l such that the basis {h°, . . . , h dim w } 
of H*(W;M) is positively oriented with respect to o. Compute the sign-determined 
Reidemeister torsion Tot (C*(W;M.),c*,h*) £ R* of the resulting based and cohomology 
based chain complex and consider its sign 

t =sgn(Tor(C*(^;R),c*,/i*)) £ {±1}. 

We define the sign-determined Ad o p-twisted Reidemeister torsion of W to be 

(11) TOR(W; Ad o p, h*, o) = r • Tor(C*(VF;s[ 2 (C) p ), c* B , h*) e C*. 

This definition only depends on the combinatorial class of W, the conjugacy class of p, 
the choice of h* and the cohomology orientation o. It is independent of the orthonormal 
basis B of sl2(C), of the choice of the lifts ej , and of the choice of the positively oriented 
basis of H*(W]M). Moreover, it is independent of the order and the orientation of the 
cells (because they appear twice). 

One can prove that TOR is invariant under cellular subdivision, homeomorphism and 
simple homotopy equivalences. In fact, it is precisely the sign (— l)'* 7 *' in (|10[) which 
ensures all these important invariance properties to hold. 

Canonical orientation of knot exteriors. In the case of knot exteriors in which we are 
interested, there exists a canonical cohomology orientation essentially defined by the 
meridian of the knot. The aim of this paragraph is to review it in details. 

The exterior Mk of K is a 3-dimensional CW-complex which has the same simple 
homotopy type as a 2-dimcnsional CW-complex. We equip Mk with its canonical coho- 
mology orientation defined as follows (see [2S1 Section V.3]). We have 

H*(M K ;R) = H°(M K ;R) ©ff^Mj^;!) 

and we base this R- vector space with { [pf ] , m* } . Here [pi] is the cohomology class 
of a point, and pf : p i— » 1 is the dual of the meridian p of K. This reference basis of 
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H*(Mk; K) induces the so-called canonical coliomology orientation of Mr- ■ In the sequel, 
we let o denote the canonical cohomology orientation of Mk- 

3.2. Regularity for representations. In this subsection we briefly review two notions 
of regularity (see [5] and [21] )• In the sequel K C S 3 denotes an oriented knot. We 
let n(A") = 7i"i (Mr:) denote its group. The meridian p of K is supposed to be oriented 
according to the rule i.k(K,p) = +1, while the longitude A is oriented according to the 
condition int(/x, A) = +1. Here int(-, ■) denotes the intersection form on 8Mk- 

We say that p G i? irr (n(A); SL 2 (C)) is regular if dimHj,(M K ) = 1. This notion is 
invariant by conjugation and thus it is well-defined for irreducible characters. 

Example 1. For the torus knot 7(p,q), one can prove that each irreducible representa- 
tion of H(p,q) in SL 2 (C) is regular. 

In the case of the figure-eight knot, one can also prove that each irreducible represen- 
tation of its group in SL2(C) is regular. 

Observe that for a regular representation p, we have dim H^(Mk) — 1, dim (Mr-) 
I and Hi(M K ) = for all j ^ 1, 2. 

Let 7 be a simple closed unoriented curve in 8Mk- Among irreducible representations 
we focus on the 7-regular ones. We say that p G i? lrr (n(A); SL 2 (C)) is ^-regular, if 
(see [1U Definition 3.21]): 

(1) the inclusion a: 7 > Mr- induces an injective map 

a*: H\M k ;s1 2 {C) p ) ^ H 1 ( T , sl 2 (C) p ) , 

(2) i£ix{p(vi(dM K ))) C {±2}, then p( 7 ) ^ ±1. 

It is easy to see that this notion is invariant by conjugation and that 7-regularity implies 
regularity (the converse is false). Thus, for \ S X 1ti (Mk) the notion of 7-regularity is 
well-defined. 

Example 2. For the torus knot 7(p,q), one can prove that each irreducible representa- 
tion of n(p, q) in SL 2 (C) is ^-regular and also A-regular. 

Here is an alternative formulation, see [3 Proposition 3]. Fix a generator P p of 
H° p (dM K ). We recall that 

H° p (dM K ) = 5i2 (C) Ad °P^ dM ^ = {v e sl 2 (C) I V 5 G mdM K Ad p{g) {v) = v) . 

The inclusion a: 7 Mk and the cup product induce the linear form fj° : H p (Mk) — * C 
We explicitly have 

W = B 3[2{c) (P p ,v(^)) , for all v G H^Mk). 

Proposition 2 (Proposition 3 of 5J). A representation p G i? lrr (n(A); SL 2 (C)) is 7- 
regular if and only if the linear form f?: H p (Mk) — > C is an isomorphism. 

Remark 6. A regular representation p is 7-regular if and only if the linear form f? is non 
degenerated (i.e. f? ^ 0). 
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3.3. Review on abelian Reidemeister torsion for knot exteriors. The aim of this 
subsection is to compute the Reidemeister torsion of the exterior of K twisted by the 
adjoint representation associated to an abelian representation of Gk in terms of the 
Alexander polynomial of K. 

Let tp z : Gk - > SL2(C) be the abelian representation such that 



e z 
e~ z 



and suppose that ip z is not boundary-central: lp z {3Mk) <jt {±1} (i.e. z ^ irki). When 
e 2z is not a zero of the Alexander polynomial Ak of K we say that ip z is regular. 
In this case, one can prove, following Klassen's arguments ([HI Theorem 19]), that 
H l Vz (M K ) = H l {M K - Z) <g> C, for all i. 

Let h,W = P p e s[ 2 (C) be a fixed generator of H°(dM K ); then H° z (M K ) is generated 
by M ' and H*(Mk) is generated by hP^ = + ■ ■ • + h^, where hf ^ is the vector in 
st2(C) 2 ™ of which all entries are zero except the one of index k which is equal to h^ '. 

With this notation and choices, we have (see [TH Theorem 4], [231 Subsection 1.2] 
and 01 Proposition 4.4]) 

Proposition 3. Let ip z be a regular abelian representation which is not boundary-central. 
The (Ad o tp z ) -twisted Reidemeister torsion of Mk calculated in the basis {h^°\ h^} of 
H*(Mk) and with respect to the canonical cohomology orientation of Mk satisfies 

(12) TOR(Af K ;Ado^,{/i(°),/ l ( 1 )},o) = -t k {z)t k (-z). 

Here tk(z) is the analytic map defined in Equation (0). 

Remark 7. If K is the trivial knot, then 

TOR (M K ;Adotp z , {h {0) , }, o) = 4 sinh 2 (z) 

is the twisted Reidemeister torsion of the solid torus Mk- 

3.4. Review on non abelian Reidemeister torsion for knot exteriors. This sub- 
section gives a review of the constructions made in %, § 6]. In particular, we shall explain 
how to construct distinguished bases for the twisted cohomology of knot exteriors. 

How to construct natural bases for the twisted cohomology. Let p be a regular represen- 
tation of Tl(K). One has a distinguished isomorphism induced by the cup product and 
the Killing form (which explicitly depends on the invariant vector P p ), see [H Lemmas 
5.1 & 5.2]: 

0pp : H 2 p (M K ) -» H 2 (M K ;Z) ® C. 

Let c be the generator of i? 2 (9M^;Z) = Hom(H2(dMK', Z), Z) corresponding to the 
fundamental class [9M^] S i/2(<9M^;Z) induced by the orientation of DMk- The 
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reference generator of Hp(Mx) is defined by 

(13) h^ = r P l{c). 

Let p be a A-regular representation of Ii{K). The reference generator of H},(Mk) is 
defined by 

(14) ^ 1) (A) = (/^r 1 (i)- 

The Reidemeister torsion for knot exteriors. Let p: II (K) — > SL2(C) be a A-regular 
representation. The Reidemeister torsion T^" at p is defined to be 

Tf (p) = TOR (M K ; Ad o p, {ft«(A), hf}, o) £ C*. 

It is an invariant of knots. Moreover, if p\ and pi are two A-regular representations which 
have the same character then Tj^(pi) = T^ (p2)- Thus, T^" defines a smooth map on the 
set Xl x (M K ) = { X G X irr (M K ) | x is A-regular} C TZeg(K). 

3.5. Reidemeister torsion for torus knots. The aim of this subsection is to state the 
computation of the SL2(C)-twisted Reidemeister torsion for torus knots, see § 6.2]. 
This result will be used to prove Theorem [5] 

Proposition 4 ([!]). If x G X lrr (M(p, g)) Zies m i/ie component of the character variety 
indexed by the pair (a, f3) which satisfies conditions (EJ), then 

T T(p, 9 ), s 16 . 2 /""OA . 2 / 7T/3 

(15) V W = — sin — sin — 

EemarA; 8. Example El gives X^{JA{p,q)) = X irr (M(p, q)), thus T^ (p ' 9) is defined on 
the whole character variety of H(p, q) and not a priori only on X^ rl '(M(p, q)). Moreover, 
Y^-P'i) ^ l oca lly constant on the character variety. 

Remark 9. The fact that is locally constant on the character variety in the case of 
torus knots is a particular property of such knots due to the fact that the exterior of a 
torus knot is a Seifert fibered manifold with two exceptional fibers (and a regular one). 

In general, T^" is, of course, not locally constant. An example is given by the figure- 
eight knot 4i, following [S], we have 

(16) (T^(p)f 



17 + 4tr(p(A))' 

3.6. Behavior of the non abelian Reidemeister torsion near a bifurcation point. 

Let z € C. Consider the abelian representation <p z : H(K) — > SL2(C) defined by: 

e z 
e" 2 



ip z : pi 



and suppose that (p z is not boundary-central (i.e. Lp z (dMx) <jt {±1}). 
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A result of G. Burde and G. de Rham p] 13] states that there exists a reducible non- 
abelian representation p z : tti{Mk) — * SL/2(C) which has the same character as tp z if and 
only if A#-(e 2z ) = 0. Furthermore, a recent result of Heusener, Porti and Suarez [13] 
states specifically that if e 2z is a simple zero of Ak (i.e. Ak (e 2z ) = and A' K (e 2z ) ^ 0), 
then the corresponding representation p z is a bifurcation point, i.e. p z is a limit of 
irreducible representations and is a smooth point of the SL2(C)-representation variety 
(contained in a unique irreducible 4-dimensional component of the SL2 (C)-representation 
variety) . 

In the initial version of this paper, based on explicit calculations in the cases of torus 
knots and the figure-eight knot, we conjectured a relation between the residues of the 
analytic map tk and the limit values of the non-abelian Reidemeister torsion at the 
corresponding bifurcation points. Shortly after, this conjecture has been proved by Y. 
Yamaguchi in [57]. The result is as follows. 

Theorem 5 ([27] . Theorem 1). Let zq g C be such that e 2z ° is a simple zero of the 
Alexander polynomial of K. Let \z denote the character corresponding to ip Zo . The 
residue of t k at zq satisfies: 



Here the limit is taken for irreducible SL2 (C)- characters \ which converge to \z - 

In the case of torus knots, which we are interested in that paper, Theorem[S]is a trivial 
application of Formula (|15p and the proof reduces in this case to a direct computation 
of the residue at each bifurcation points. 

Sketch of the proof of Theorem^ The proof is divided in two parts. 

(1) Existence part. The first point is to prove the existence of the limit : 



The existence of limit (fTTJ is guaranteed by the fact that the reference bases 
of the twisted cohomology groups, defined in Equations (fT^|) and JHJ), depend 
smoothly on the A-regular character and can be smoothly extended at Xz ■ Thus 
T^(xz ) makes sense and is equal to limit (fTT)) . 
(2) Computations part. With the preceding fact in mind, Theorem [5] directly follows 
from the next lemma in which we compute the Reidemeister torsion at a reducible 
non-abelian representation. 

Lemma 6. Let if be a reducible and non-abelian representation of n(if) in 




(17) 



lim Tf( X ). 



SL/2(C) such that 
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If we suppose that t is a simple zero of Ax (i.e. A.x(t) — and A' K (t) ^ 0), 



Essentially, Formula fl"8")) can be considered as an analogue of Milnor-Turaev's 
formula for Reidemeister torsion at an abelian representation replacing abelian 
representations by appropriate reducible non-abelian ones and the Alexander 
polynomial by its derivative, see [HI Theorem 4], [211 Subsection 1.2]. 



In the late 1980s, E. Witten considered a quantum field theory whose Lagrangian is 
the Chern-Simons functional. He argued that the Chern-Simons path integral on a 3- 
manifold with an embedded link gives a (formal) 3-dimcnsional interpretation of the Jones 
polynomial of links. Unfortunately path integral is not yet well-defined mathematically. 
But, the perturbative expansion method can be used and gives mathematical definition 
of knot invariants. Here we use another approach. 

Let M be a 3-dimensional manifold. Let A denote the space of sl2(C)-valued 1-forms 
on M. The Chern-Simons functional CS: A — > C is defined by 



In the case of a manifold with boundary this integral is not gauge invariant. Here we recall 
the definition of the Chern-Simons invariant for knot exteriors (and more generally for 
3-dimensional manifolds whose boundary consists of a 2-dimensional torus) and explicitly 
compute it in the case of torus knots. 

4.1. Chern-Simons invariant for knot exteriors. In this subsection we review the 
work of P. Kirk and E. Klassen [llj which allows us to compute the Chern-Simons 
invariant for torus knots. 

Let M denote a 3-dimensional manifold whose boundary is non-empty and consists of 
a single 2-dimensional torus T = dM. Following some ideas coming from Physics [2"3"j . 
the Chern-Simons invariant of M is considered in [llj as a lift of the restriction map 
induced by the inclusion T <— > M: 



then 



(18) 



A' K (t)A' K (l/t) ■ 



□ 



4. SL 2 (C)-Chern-Simons invariant for torus knots 




13 7 1 




X{M) 



X(T) 



Here T>t is a C*-bundle over X(T) defined as follows. Let (fi, A) be an oriented basis for 
7Ti(T). The map t: X(T) — » C 3 given by p i— > (trp(/x),trp(A),trp(/iA)) is an algebraic 
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embedding of the character variety X(T). Let V(T) be the 2-dimensional vector space 
(over C): 

V(T) = Hom(7n(T);C). 
The map V(T) — * X(T) defined by v i— > (x i— > 2 cos(27riu(a;))) is a branched covering. 
The covering group G is isomorphic to a semi-direct product of Z © Z and Z/2 with the 
presentation 

G = (x,y,b | xyx~ 1 y~ 1 — bxbx — byby = b 2 = 1). 
Via the isomorphism V(T) — » C 2 defined by 

u i ^ (v(/x),u(A)) 
the action of G on V(T) = C 2 is as follows 

x(a,0) = (a+l,0), y(a,j3) = (a,(3 + l), b(a,0) = {-a, -/?). 
Now we extend the action of G to the the product V(T) x C* by the formulas: 

(19) x(a,/3;z) = (a + 1, /3; ze 27r2/5 ) 

(20) y(a,P;z) = (a, (3 + l;ze _2lr<a ) 

(21) b(a,0;z) = (-a,-0;z). 

Thus, the quotient C*-bundle Ht over X(T) is defined by the formula 

S T = V(T) x C*/G. 

We use the following notation for points in T>t- Since Ht is a quotient of C 2 x C* we 
write [a, (3; z] for equivalence classes, so for example 

[a, p- z] = [a + m, + n; ze 2 ™(™/3-««)] . 

The map Cm: P >— ► Cm(p) — [in, 7a i e 27rlCSM ( p '] defines a lift of the restriction map 
induced by T <^-> M, see [TTJ Theorems 2.1 and 3.2]. Here (7 M ,7 A ) denotes a lift in C 2 of 
the restriction p\ ni rr). 

One can compute Cm using the following Kirk-Klassen formula. 

Theorem 7 ( IT], Theorem 2.7, Corollary 2.6 and Theorem 3.2). Lei M denote an 
oriented 3- dimensional manifold whose boundary dM = T consist of a 2-dimensional 
torus. Let (p,X) denote an oriented basis for ttx(T). 

(1) Let p{t) : 7Tx(-M) — > SL/2(C), £ E [0,1] &e a pai/i of representations. Let ("jAt), J\(t)) 
denote a lift of p(t)\m(T) t° Suppose 

C M { P {t)) = [l^t),l x (t)-z{t)] 

for all t. Then 

(22) z(l) ■ zW 1 = exp j\^t)i x {t)-l[Xt)lx{i)dt^ . 
Furthermore, if p{l) is the trivial representation, then z(l) = 1. 
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(2) There is an inner product 

(23) ( v }:B T xS_ T ^C 

given by taking the pair ( [7 , 7 A , z\ , [7 /J ,7>,w]) to z/w EC*. 

Remark 10. One can observe that Theorem[7]is true not only for 3-dimensional manifolds 
but also for some 3-dimensional orbifolds. For example, for the orbifold W — D 2 /Z 2 x S 1 
where the generator of the group Z2 acts on the 2-dimensional disk D 2 by Euclidian 
rotation thru the angle it, the boundary dW is the 2-dimensional torus T. One has 
tt±(W) = Z2 x Z. If we identify the meridian /1 and the longitude A of the boundary with 
the generators of Z2 and Z respectively, then X(W) is given by the equation = ±2. 
An easy application of Theorem [7] gives 

CV( X )= [n/2, 7A ; e ™] 

for some integer n and a character \ £ X(W), where for odd n we have fixed the 
normalization by the condition Cw(xo) — [1/2, 0, 1] at the representation xo with trivial 
longitude. One can easily check that this is a well-defined lift of X(W) — > X(T) to the 
bundle 23 r- 

4.2. The areas A^, and the Chern Simons invariant for knot exteriors. 

The space X(8Mk) has the canonical holomorphic simplectic form lo, and by using this 
additional structure we define a knot invariant as follows. One has a branched covering 
mapping 7r: C 2 — > X(8Mk) given by the canonical projection to the orbit space of the 
group action (x,y) 1— » (±x + ra,±y + n), (m,n) G Z 2 . One can choose a fundamental 
domain for this action given by D = D\ fl D2, where Z?i = G C 2 | < < 1/2} 

and D 2 = {(x,y) E C 2 | \$ty\ < 1/2}. Thus, topologically the set X(dM K ) is given by 
the quotient space D/ ~ with respect to the equivalence relation generated by (is, y) ~ 
(—is, —y), (1/2 + is, y) ~ (1/2 — is, — y), and (x, 1/2 + it) ~ (x, —1/2 + it), where x, y £ C, 
s, t e R. The pullback of the holomorphic symplectic form is given by the explicit formula 
tt*lj = 2dx A dy. 

Let X±2(Mk) denote the finite sets of characters \ G X 1tt (Mk ) such that x(/x) = ±2, 
where p, is the meridian of K. Each of them is mapped to the set of branching points 
of X(dM K ). One can observe that tj(X ±2 (T(p, q))) = (p - 1)(<? - l)/2 and if if is a 
hyperbolic knot then the characters corresponding to the lift (from the group PSL2(C) 
to SLi2(C)) of the holonomy associated to the hyperbolic structure is in X±2(Mk)- Thus 
in all these cases, the sets X± 2 (Mk) are non-empty. 

Let Ak be the set of paths in the image of the non-abelian part of X(Mk) in X(dMx) 
such that each 7 G Ak runs between the image of a bifurcation point and that of a 
character in X±2(Mk) and admits a (unique) lift to a path 7 in D\. For any 7 G Ak 
let x 7 G X± 2 (Mk) be the end point of 7. For each 7 G Ak we associate a triangle 
f 7 in D\ as follows. If x 7 G X 2 (Mk), then f 7 is the triangle with sides 7 and two 
straight segments connecting the end points of 7 with the point (0,0). On the other 
hand, if £ X^ 2 (Mk), then t 1 is the triangle with sides 7 and two straight segments 
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connecting the end points of 7 with the point (1/2,0). See Fig. [T] for the case of l- 
th component of X(M,(p,q)), We define a function csk- Ak — > C which associates 
to 7 E Ak the complex symplectic area of the projected triangle 7r(t 7 ). This function 
generalizes the Chern-Simons invariant defined in [TT] . Suppose that K is the (p, q) torus 
knot. Let 7 be such that x-y G X^(Mk) and \j is on the £-th component of X(Mk), 
then I csk (7) I = 

The exterior of the knot Mr and the orbifold W(K) — N(K) /Z2, where Z2 acts 
by rotation on the first component of N(K) = D 2 x S 1 , have the same boundary. In 
W(K) the meridian p bounds a 2-dimcnsional orbifold £> 2 /Z2, hence each character 
X 1 G X(W(Kj) satisfies x'(/i) = ±2. Let x G X(Mk) be such that \ an d x' coincide 
on the peripheral system of K, then x G X±2(Mk)- We define on -X±2(M/f ) a complex 
valued discrete function by 

(24) CSk : I ±2 (M K ) - C*, CS K { X ) = (Cm k (x),C w(k) ( X ')) , 

where x an< i x' coincide on the peripheral system of K . 

By construction CSk is a knot invariant. In this paper we call this discrete function 
the Chern-Simons invariant of the knot K. Let 7 E Ak and let x 7 be the end point of 
7. We have 

CS K (Xy) = e 2mcSK ^. 
Let 71, 72 E Ak have coinciding end points, but start from two bifurcation points 
on one and the same connected components of X(Mk)- Then the two corresponding 
triangles have areas differing by an integer (since both of them give the same CSk(x-i))- 
In the case of torus knots the difference of those areas is precisely the symplectic area 
A\ of the trapezoid in Fig. [TJ 

4.3. Computation of the Chern-Simons invariant for torus knots. 

Proposition 8. Let p : Tl(p, q) — > SL2(C) be a non-abelian representation whose char- 
acter lies in the component of X(M(p, q)) parametrized by (a, ft) (see Theorem^). If the 
matrix p(p) is conjugate to 

pw -y e - 2 ™^ ) 

then 

(25) C M ( p>g) (p) = 

Here ps — qr = 1 and the result does not depend on the choice of e E {±1}- 

The proof is based on Kirk-Klassen's Theorem [7] 

Proof of Proposition [51 Our computation is based on the fact that a non-abelian repre- 
sentation p of II(p, q) which lies in the component parametrized by (a, ft) is connected to 
the trivial representation 1? by a path of representations which contains the bifurcation 



1 (of (ftps + eaqr) 2 7m \\ 
7^-W,;exp(2 7 n ( 4^ Y 



18 



Jerome Dubois and Rinat Kashacv 



point f Zk , where z% — * 7r ^ with k satisfying conditions of Theorem |T]). This path is 
divided into two distinct parts connected by ip Zk : 

(1) the path (v5*)o^t^e of abelian representations which connects i? to <p Zk , 

(2) the path (pt)a^.t^i of non-abelian representations which connects p = po to 
<Pz k = Pi- 

The computation is done in two steps. 

(1) First, applying the second part of Kirk-Klassen's Theorem[7]to the abelian rep- 
resentation ip Zk where = iir^-, we get: 



(26) 



C]Yt(p,g)(<f 9 2 fc ) 



2pq 



,0;1 



Observe that for any abelian representation (p one has i^(A) = 1. 
(2) Now, we apply Kirk-Klassen's Theorem[7]to the path (fit)o^t^i of non-abelian 
representations. Suppose that Cjy^p.g) (fit) = bv(*)> z(t)]. As A = a p p~ pq , 

we have 

7a(*) = ~ PQ7ti{t) (because a p is central in U(p, q) and thus pt(a p ) = — 1) 



and thus 



Moreover we have 7a (1) = -^p- Choosing appropriate representative for For- 
mula (|26p . one has 



C 



M(p,q){ l fz k ) 



2pq 



,0;1 



-; exp — 27ri 



.k(l-k) 
2pq 



With this, Formula (f2"2"| gives us 

z(l) • z(O)- 1 = exp (-itt jf = cx P Um - A 



Thus, 

z(0) = exp ( 2,t / 
which achieves the proof. 



\Apq 



In 



□ 



We are now ready to compute the discrete function CS<j( p q y. X±2(M(p,q)) — > C* 
defined in equation ((2^|) . For each 1 ^ £ ^ (p— l)(g— 1) /2, let be the unique irreducible 
character of Tl(p, q) with x(p) = ^2 and which lies in ^-th connected component of 
X irr (M(p, g). We have X ±2 (M(p, q)) = { X f | 1 < I (p - l)(g - l)/2}. 
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Corollary 9. The map C<Sg-(p,q) : -X±2pVt(2, <?)) — > C* defined in equation \2J$ satisfies 

(27) CS 7p>q) (xt) = and CS TM (xj) = e'^^P- . 

Here kg are the two integers which satisfies conditions of Subsection Wl^. 
Remark 11. We have 



,+ 2 



k +2 -k- 2 m 

This is just the consequence of the fact that A\ — 1 ipq e is an integer (see Remark [3|). 

Remark 12. The Chern-Simons invariant for torus knots has also been discussed in 
papers [HI El- 

Proof of Corollary^ The computation of CW(T(p,q))(p) for any character of Tl(p,q) in 
SL2 (C) is done in Remark [TO] Now, applying the inner product (|23|) we get 



and 



+ 2 

_ Cp<?— «^ ) 



CS r(p , q )(xe ) - (pM(p,q)(Xt )' C w(T( P ,q))(X£ )) = e 
Here and x^' coincide on the peripheral system of the knot. □ 

5. Review on the quantum hyperbolic invariant for torus knots 

Using the relationship between the colored Jones polynomial and the quantum hyper- 
bolic invariant, one has the following result. 

Proposition 10 (|10). Lemma 2). Let p and q be two coprime integers. For the torus 
knot 7(p,q) of type (p,q), the quantum hyperbolic invariant has the following complex 
integral representation: 

(28) 2.<T( M » A , = (^y / V«(Wf). f .-ItW^Wi. 



Here the path of integration C is the image of the real line under the mapping K 9 x 1— > 
xe 1 ^ S C where <f> is to be chosen by the convergence condition. 

Proposition rrU] is the main ingredient to prove: 

Proposition 11 ([10|. Theorem). Let p and q be two coprime integers. For the torus 
knot T(p, q) of type (p, q), the quantum hyperbolic invariant has the following asymptotic 
expansion at large N: 

pq-l 

(29) e iwW . (7(p,q)) N = £ (7(p,q))P + (T(p, g))£°> . 

k=l 
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Here 

3/2 



(30) (7(p, q ))P = ( P -f) ■ eZ i~ ■ (e^ ( ^Vr T(p , ?) (z)) . 

and 

Am /«w x\(oo) » pgJV ^ ««(if) / ^ 



4 ^ n! \2pqN 

n=0 v ^ y 



9z 2 



z=0 

Formula (f25)) is our starting point in the proof of the Main Theorem. Moreover a 
direct computation gives: 

(32) (7(p, q))™ = 2 ( —) • eT • (-l)^- 1 )* . e -^ N . k 2 • sm{irk/p) sin(^fc/g). 

\2pqJ 

6. Proof of the Main Theorem 

The proof is a direct computation of each part of equality ^ and combines Proposi- 
tions HU and M 

Proof of the Main Theorem. For each i E {1, . . . , (p — l)(q — l)/2}, the £-th connected 
component of X m '(M(p, q) intersects the abelian one at two bifurcation points ip fc+ 

27T — — 

PQ 

and ip k - . Here kf are the two integers which satisfy conditions of Subsection 12.21 

pq 

We rewrite the sum Yl P k=i C(P) s)}/^ i wnere ('''(Pi <z));v is defined in equation (f3"2"|l . as 
follows. 

First, observe that (7(p,q)}^ = for all integers k which are divisible by p or q. 
Write 

where 

Fj =2^) e^e"^ (-1)^-1)^. 

Next observe that the integers fc^ indexed by £ €E {1, . . . , (p — — l)/2} exhaust all 
the integers between 1 and — 1 which are mutually prime with pq. Thus, we have 

pq--l (p-l)(g-l)/2 _ + 

J=l 1=1 

It is easy to observe that (see Remaks [2] & |3|) 

sin(7rfc^"/p) sin (irk^/q) — — sin (nkj /p) sin {jrkj /q) . 
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As a consequence, we obtain 

pq-l (p-l)(g-X)/2 

3=1 e=i 
Using the properties in Remark [3] (1), we have 



N 
2pg 



3/2 



^ ( _ 1)(i v-i) fe + (fe +2_ A .-2 ) _ 



Thus, 



where 



pq-l 
3=1 



• E 



(p-l)(g-l)/2 



(33) S = ~\- q ( k f ~ k f) ■ ^ ^ ■ ~ ^ K+/p) sin («k+/q) 

Here is a geometric explanation of the quantities which appear in equation 
Using Theorem O one has 



J ^l M (Xi) =^sm(Kk+/p) S m(nkt/q) = (-l)*^ Res + r T(p>(?) (z). 



t + 2 



Corollary [9] gives 

e^^=CS T(M) ( X |) 
where lies in the £-th component of X lrr (M(p, q)) and satisfies X«~(/x) = 2 (see Corol- 
lary Writing CS^ instead of CS-ji pa \{)q) we arrive at the formula 



pq-l 



]T<T( P ,g))«=iV 3 /V } 



where 



(p-l)(<Z-l)/2 



f=i 



4pq 



Now we compute the symplectic areas A\ and A«. Recall that A\ and A£ are re- 
spectively the double areas of the trapezoid P7 P^QfQj and the triangle PJ~RtO', sec 
Fig. [TJ So, one has 



A% = k * , and = (w ^ 



4pg 



4pq 
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Combining the two last formulas, we finally obtain 

(p-l)(«-l)/2 



pq-l i 

where e e = (-1 ) [fe ' + /p]+[k * /q] , thus 



e * 



E 



T 



A 



to) 



-2^iNA^, 



P9-1 



JV 



•7V 3 / 2 ^(T(p,g)) 



which achieves the proof of Formula (HJ) . 

We now prove that a n (K) is a finite type invariant for each n. One has 



a n (K) = 



d 2n (zT K (z)) 



dz 2 



where t k (z) 



z=0 



2 sinh(z) 



As a consequence, a„ (if) is a linear combination of products of coefficients of the Alexan- 
der polynomial Ax(t). Moreover, each coefficient of Ak (i) is a finite type invariant, a 
linear combination and a product of finite type invariants is also a finite type invariant. 
Thus a n {K) is of finite type. □ 



We finish by a remark. 

Remark 13. Let K be the (2, q) torus knot. Each component of the non-abelian part 
of the character variety is parametrized by p i— > trp(/i). The invariant Zpj(K) can be 
written as a single integral on the SU(2)-moduli space of the knot group as follows. 
Let R(M(2,q)) = Hom irr (n(2, q); SU(2))/SO(3) be the SU(2)-moduli space and let 

CS 7%q) : R(M(2,q))^S 1 

denote the map defined by CSr(2,q){p) = CSe if p lies in the £-th component of R(M(2, q)). 
Recall that R(M(2,q)) is a 1-dimensional smooth manifold (see [1]). One can prove the 
following formula: 



(34) 



Z N (7(2,q)) = 



1 



CS 



-N 



J(2,q) 



n JR(M(2,q)) 



T 



3"(2,<?)| 



Here uF^ 2 ^ denotes the 1-volume form on i?(jY[(2, q)) defined in [H § 6] using the Reide- 
meister torsion. Formula (|3"4")) can be considered as an analogue for knots of the Witten 
formal integral for closed 3-dimensional manifolds. 
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